This paper introduces the concept of the square-mean pseudo almost automorphy for a stochastic process. Also it introduces the properties on the completeness and the composition of the space that consists of such processes. With appropriate settings and by virtue of the theory of the semigroups of the operators to an evolution family, the Banach fixed point theorem and the stochastic analysis techniques, this paper investigates the existence, the uniqueness and the global stability of the square-mean pseudo almost automorphic solutions for a general class of stochastic evolution equations. Finally, this paper provides an illustrative example to justify the practical usefulness of the established theoretical results.
Introduction
The almost automorphic functions introduced in the literature initially by S. Bochner [5] is an important generalization of the almost periodic functions. The basic results on the almost periodic functions and their applications to deterministic differential systems may refer to [13] , and more recent results may refer to [21, 24] and references therein. Until now, the almost automorphic functions and the almost automorphic solutions for differential systems have been investigated by many mathematicians [1, 6, 7, 15, 22, 31] , see [31] by W.A. Veech for the almost automorphic functions on the groups, see [15] by J.A. Goldstein and G.M. N'Guérékata for the almost automorphic solutions to the semilinear evolution equations, and see [1] by D. Araya and C. Lizama for the almost automorphic mild solutions to a class of fractional differential equations. For more details about this topic and the related works, one may further refer to the book [23] .
Since the pseudo almost periodic function was firstly introduced by C.Y. Zhang in [35] , it has elicited a great deal of attention from many researchers, see [9] [10] [11] [12] 26, 34, 36] . More recently, J. Liang et al. [17] further developed the theory of the pseudo almost automorphic function, which is more general and complicated than the pseudo almost periodic function and the asymptotically almost automorphic function. One can refer to [16, 18, 20, 32, 33, 37] for more recent results about the pseudo almost automorphic theory.
Besides, noise or stochastic perturbation is unavoidable and omnipresent in nature as well as in man-made systems. Therefore, it is of great significance to import the stochastic effects into the investigation of differential systems [8, 19] . With the basic theories and analysis methods for stochastic differential equations that have been well developed in the literature [25, 28] , the almost periodic solution for stochastic differential equations had been investigated consecutively [2-4, 27,29,30] . Specifically, in [29] , the almost periodic solution for the affine and stochastic evolution equations was studied; in [30] , the pseudo almost periodic solution for a class of stochastic differential equations was investigated. More recently, in [14] , the square-mean almost automorphic process was introduced, and the square-mean almost automorphic mild solution for the stochastic differential equations was investigated, which further generalized the almost automorphic theory from the deterministic version to the stochastic one.
To the best of the authors' knowledge, however, there are very few applicable results on the square-mean pseudo almost automorphic solution for the nonlinear stochastic evolution equations (SEEs). In this paper, therefore, we will establish a stochastic version of the theory for the pseudo almost automorphy. More precisely, Section 2 preliminarily introduces some definitions of the abstract spaces and the square-mean pseudo almost automorphic process. It also includes some results not only on the completeness of the space that consists of the square-mean pseudo almost automorphic processes but also on the composition of such processes. Based on the results in Section 2, Section 3 verifies the existence as well as the uniqueness of the square-mean pseudo almost automorphic solutions for the linear SEEs. Besides, Sections 4 and 5 establish several theorems not only on the existence and the uniqueness, but also on the global stability of the square-mean pseudo almost automorphic solutions for the nonlinear SEEs. Finally, an illustrative example is provided to show the feasibility of the theoretical results developed in the paper.
Preliminaries
Throughout, (H, · ) is assumed to be a real and separable Hilbert space, (Ω, F , P ) is supposed to be a probability space, and L 2 (P , H ) stands for a space of the H -valued random variables x such that E x 2 = Ω x 2 dP < +∞, which is a Banach space with the norm 
Denote by SPAA(R, L 2 (P , H )) the collection of all the square-mean pseudo almost automorphic processes f (t) : R → L 2 (P , H ).
From Remark 2.5 and Definition 2.3, we have the following conclusions.
One can refer to Lemma 2.1 in [32] and Lemma 2.1.1 in [31] for the proof of Lemma 2.1.
One may refer to Theorem 2. 
, which is jointly continuous, is said to be square-mean pseudo almost automorphic in t for any 
The next theorem is a generalized version from the square-mean almost automorphic process to the square-mean pseudo almost automorphic process. We firstly give an essential lemma so as to characterize the space SBC 0 . 
The proof of Lemma 2.4 can be performed along the direction of the proof of Lemma 2.1 in [17] .
Theorem 2.2 can be proved by using Lemmas 2.2-2.4, which is a stochastic generalized version of Theorem 2.4 in [17] and Remark 2.5 in [33] , and one may refer to [17] for more details about the proof of Theorem 2.2.
Square-mean pseudo almost automorphic solutions for linear stochastic evolution equations
To begin, consider the following linear stochastic evolution equation
where A is an infinitesimal generator which generates a C 0 -semigroup, denoted by (T (t) t 0 ), such that, for some positive numbers K and ω,
are two stochastic processes, and W (t) is a two-sided and standard one-dimensional Brownian motion, which is defined on the filtered probability space (Ω, F , P , F t ). Here,
Definition 3.1. An F t -progressively measurable process {x(t)} t∈R is called a mild solution of Eq. (3.1) if it satisfies the corresponding stochastic integral equation
for all t a and each a ∈ R.
Proof. The process
satisfies Eq. (3.2), so that the process (3.3) is a mild solution of Eq. (3.1).
Next we aim to prove (3.3) is a square-mean pseudo almost automorphic process.
= F (t) + Φ(t).
In order to prove (3.3) is a square-mean pseudo almost automorphic process, we only need to verify H ) ). Thus, the following verification procedure is divided into three steps.
Step 1. For a given t 0 ∈ R,
Let τ = s − t + t 0 . Then, using the Cauchy-Schwarz inequality and the exponential dissipation property of the C 0 -semigroup (T (t) t 0 ) yields the following estimation:
For an arbitrary sequence of real numbers, denoted by {t n }, with t n → t 0 as n → +∞,
which is due to g ∈ SBC(R, L 2 (P , H )). Hence,
for every n sufficiently large. Note also that
Then, according to the Lebesgue dominated convergence theorem, we get
From the arbitrariness of {t n }, it thus follows that
which together with the above estimation gives
Then it is easy to verify thatW is also a Wiener process and that it obeys the same distribution as W . Letting σ = s − t + t 0 and using the Ito's isometry property of the stochastic integral, we have
By an analogous argument performed above, we can show that
Then, we obtain
which implies that F (t) is a stochastically continuous process.
Step 2. Notice that g, α ∈ SAA(R, L 2 (P , H )). Thus, every sequence of real numbers {t n } has a subsequence {t n } such that, for some stochastic processesg,α : R → L 2 (P , H ) and each t ∈ R,
In the light of the Cauchy-Schwarz inequality and the exponential dissipation property of T (t), we arrive at
where the last estimation converges to zero as n → +∞.
ThenW is also a Wiener process having the same distribution as W . Letting σ = s − t n and using the Ito's isometry property of stochastic integral, we have the following estimations:
where the last estimation converges to zero as n → +∞. Thus, it leads to
By a similar way, we can obtain
Therefore, together with the arguments shown in Steps 1 and 2, we approach the expected conclusion that F (t) ∈ SAA(R, L 2 (P , H )).
Step 3. We are to validate Φ(t) ∈ SBC 0 (R, L 2 (P , H )).
Using similar arguments as performed in the above Step 1, we can know that Φ(t) is stochastically continuous process. From ϕ, β ∈ SBC 0 (R, L 2 
(P , H )) and from the exponential dissipation property of T (t), it follows that Φ(t) is stochastically bounded. Thus, Φ(t) ∈ SBC(R, L 2 (P , H )). Hence, we only need to show lim
To this end, we give the following estimations:
where the first term on the right-hand side of the last equality satisfies:
as T → ∞, and the second term satisfies: 2 (P , H ) ). Eventually, we have that (3.3) is a square-mean pseudo almost automorphic mild solution of Eq. 
T (a − s)f (s) ds
is also square-mean pseudo almost automorphic. In particular, with the initial value specified above, Eq. (3.2) can be changed into
Proof. Notice that f = g + ϕ, γ = α + β. Then, we have
Denote, respectively,
and
T (t − s)β(s) dW (s).

Analogous to the proof of Theorem 3.2 established in [14], we can show that F (t) ∈ SAA(R, L 2 (P , H )).
Next, we intend to verify Φ(t) ∈ SBC 0 (R, L 2 (P , H )).
To this end, for T > |a|, we have
where the last term converges to zero as T → ∞. Similar to the proof of Step 1 in Theorem 3.1, we can show that
Therefore, the solution represented by (3.4) is a square-mean pseudo almost automorphic mild solution of Eq. (3.1), which completes the proof. 
Square-mean pseudo almost automorphic solutions for nonlinear stochastic evolution equations
In this section, we consider the following nonlinear stochastic evolution equation
where A is an infinitesimal generator which generates a C 0 -semigroup (T (t) t 0 ) such that H ) , and W (t) is a two-sided and standard one-dimensional Brownian motion defined on the filtered probability space (Ω, F , P , F t ), where
Definition 4.1. An F t -progressively measurable process {x(t)} t∈R is called a mild solution of Eq. (4.1) provided that it satisfies the corresponding stochastic integral equation
for all t a and each a ∈ R. H ) ), and that there exist constants L, L > 0 such that, for any x, y ∈ L 2 (P , H ),
for all t ∈ R, and
Then Eq. (4.1) has a unique square-mean pseudo almost automorphic mild solution.
Proof. It is easy to verify that x(t) is a mild solution of Eq. (4.1) if and only if x(t) satisfies the following integral equation:
x(t) = t −∞ T (t − s)f s, x(s) ds + t −∞ T (t − s)γ s, x(s) dW (s). (4.3) For any x(t) ∈ SPAA(R, L 2 (P , H )), define the operator S by (Sx)(t) = t −∞ T (t − s)f s, x(s) ds + t −∞
T (t − s)γ s, x(s) dW (s).
Notice the two Lipschitz conditions assumed for any x, y ∈ L 2 (P , H ) and all t ∈ R. Then, in the light of Theorem 2.2, we conclude that f (t, x(t)), γ (t, x(t)) ∈ SPAA(R, L 2 (P , H )). Hence, from the proof of Theorem 3.1, we know that (Sx)(t) ∈ SPAA(R, L 2 (P , H )), so that S is a self-mapping from the space SPAA(R, L 2 (P , H )) to the space SPAA(R, L 2 (P , H )).
For the sake of conciseness, the proof for the contraction property of S is omitted here, which is similar to that in Theorem 4.1 in [14] . Now, using the fixed point theorem in the Banach space for the map S yields that it has a unique fixed point x * in SPAA(R, L 2 (P , H )) with Sx * = x * . From (4.3), therefore, it follows that x * is a unique square-mean pseudo almost automorphic mild solution of Eq. (4.1). The proof is completed eventually. 2
Stability of square-mean pseudo almost automorphic solutions
With the established theory of the existence of the solutions for the stochastic evolution equation (4.1), we are in a position to investigate their stability. 
Then the square-mean pseudo almost automorphic mild solution x * (t) of Eq. (4.1) is globally exponentially stable in the square-mean sense.
Proof. Let x(t) be any solution of (4.1) with initial value x(0) with an interval of existence, denoted by [0, T ). Then, we have that, for any t ∈ [0, T ),
as assumed above, there exists a number ε ∈ (0, ω) such that
Then it is clear that ξ < 1. With this setting and using the estimation obtained above, we obtain that, for any T ∈ [0, T ),
which further implies
for any T ∈ [0, T ). Obviously, the last estimation is independent of T as well as T . Therefore, the maximal interval of the existence of the solution for Eq. (4.1) can be extended to the positive infinity under the conditions assumed above. In particular, we have The proof of this remark, similar to that of Theorem 5.2 in [14] , is omitted here.
An illustrative example
To illustrate the practical usefulness of the theoretical results established in the preceding sections, we consider the following one-dimensional and stochastic heat equation with the Dirichlet boundary conditions: where W (t) is a two-sided and standard one-dimensional Brownian motion defined on the filtered probability space (Ω, F , P , F t ). Denote 
Clearly, both f and γ set above satisfy the Lipschitz conditions with L = 2 and L = 4, respectively. A direct computation thus yields that
Now, in the light of Theorems 4.1 and 5.1, the heat equation with the Dirichlet boundary condition (6.1) has a unique square-mean pseudo almost automorphic mild solution, which is globally exponentially stable in the square-mean sense. However, it is easy to show that 3K 2L (1+ω) ω 2 > 1, which implies that the stability of squaremean pseudo almost automorphic mild solution for (6.1) cannot be justified directly by Remark 5.1.
